We experimentally study the generation of photon pairs via spontaneous four-wave mixing with two distinct laser pulses. We find that the dual-pump technique enables new capabilities: 1) a new characterization methodology to measure noise contributions, source brightness and photoncollection efficiencies directly from raw photon-count measurements; 2) an enhanced ability to generate heralded single photons in a pure quantum state; and 3) the ability to derive upper and lower bounds on heralded-photon quantum state purity from measurements of photon-number statistics even in the presence of noise. Such features are highly valuable in photon-pair sources for quantum applications.
INTRODUCTION
Optical quantum states for quantum applications are commonly realized through photon-pair generation using spontaneous parametric down-conversion (SPDC), in which one pump photon is annihilated and a photon pair is created via the second-order nonlinearity in an interaction medium, and spontaneous four-wave mixing (SFWM), in which two pump photons are annihilated and a pair is created via a χ (3) nonlinearity. Much research has been conducted on engineering and optimizing these techniques for quantum applications such as quantum computation [1], quantum metrology [2] , and quantum communication [3] . Important figures of merit include the pair-generation probability and the collection efficiency, which determine bit rates and signal-to-noise ratio, and false detections, which degrade the quality of the photon-pair source. Despite the importance of these parameters, in many sources noise contributions prohibit their direct assessment, and to date such photon-pair source characteristics have been calculated by neglecting noise or assuming pump-independent noise contributions [4] , indirect measurements of various source performances [5] [6] [7] , or from fits to multiple measured data points [8] [9] [10] . Another figure of merit that is critical for protocols and gates that rely on interference of photons from separate sources is the degree of quantum state purity of the individual photons.
Spontaneous four-wave mixing, unlike the SPDC process, can occur with two spectrally distinct pump fields (see Fig. 1(a) ); this additional degree of freedom is beneficial for photon-pair source design, with experimental uses including degenerate photon-pair generation [11] [12] [13] [14] and avoiding single-pump SFWM background [15] . In addition, it has been shown theoretically that dualpump SFWM leads to improved capabilities in tailoring the inter-correlations of the photon pairs [16, 17] , including a proposed method that relies on the group-velocity difference between pump pulses [18] .
Here we report experimental demonstrations of some key advances in photon-pair generation in general, and dual-pump SFWM in particular. First, we show how the dual-pump scheme enables a simple and direct measurement of the noise contribution to the detection events; this noise consists of background photons from ambient light, photons from additional processes that occur concurrently with photon-pair generation, or false detection events. In turn, measurement of the noise contribution allows a direct quantitative assessment of source performance, including the photon-pair generation rate as well as overall collection and detection efficiencies of the created photons [5] . Second, we show that the group delay between the two pump pulses enables the creation of photon pairs where each of the individual photons is in a highly pure quantum state [18] , and third, we derive a new way to determine the lower and upper bounds for the individual photon purity from second-order coherence measurements in the presence of noise -a method that naturally applies to the dual-pump SFWM where the noise can be directly characterized, but may also find use to estimate other types of photon-pair sources. This Paper is organized in the following way: in Section we give an overview of photon-pair generation in dual-pump SFWM, including generation probability and a description of the quantum state. In Section we demonstrate and analyze photon-pair production with dual pumps. In Section we experimentally confirm the advantage of the dual-pump scheme in generating photon pairs with reduced spectral correlations, both through joint spectral density and single-photon purity measurements. Finally, in Section we conclude and discuss our results.
1 and pump 2 with carrier angular frequencies ω p1 and ω p2 , respectively -enter a χ (3) medium where one photon from each pump pulse is annihilated and signal and idler photons, with carrier angular frequencies ω s and ω i , respectively, are created as a photon pair (conventionally ω s > ω i ). A temporal delay τ may be applied to pump 1 relative to pump 2. The carrier frequencies ω s and ω i are determined by the energy conservation constraint ω p1 + ω p2 = ω s + ω i as well as the phasematching conditions that are specific to the χ (3) medium. For this work we choose polarization maintaining fiber (PMF) as the nonlinear medium, where the polarization of both pump pulses are aligned with the slow axis of the PMF while the signal and idler photons are generated with polarization along the fast axis. In such a design the phasematching conditions are given by [18] :
where k(ω) = n(ω)ω/c, n(ω) is the fast-axis (effective) refractive index in the fiber, which we model based on the Sellmeier equation of bulk silica [19] , ∆n is the fiber birefringence, and c is the speed of light in vacuum. Starting with the |vac state, in which no photons exist in either signal or idler modes, the output state of the dual-pump SFWM process can be evaluated perturbatively as [16] :
where |ν s , ν i represent a photon-pair state in which the signal (idler) angular frequency is ω s(i) + ν s(i) and κ is the interaction coupling constant that depends on the relevant χ (3) nonlinear susceptibility, the fiber length L, and pump powers, but not on the time delay τ that is applied to pump 1 relative to pump 2 before they are coupled into the fiber. The unnormalized joint spectral amplitude is given by [16, 18] :
Here σ 1(2) denotes the pump 1 (pump 2) spectral bandwidth (half width at 1/e 2 maximum amplitude);
) is the group delay difference between the signal (idler) and the average group delay of the pumps acquired during the propagation in the fiber, k
) is the group delay between the two pumps acquired during the propagation in the fiber, and k ′ p1(2) = dk/dω| ω p1(2) +∆n/c is the inverse group velocity of pump 1 (2) in the fiber. The probability p(τ ) that a photon pair is generated,
where p max corresponds to the maximum generation probability, which occurs when pump 1 and pump 2 maximally overlap in the middle of the fiber, i.e., τ = −τ p /2.
DEMONSTRATION AND CHARACTERIZATION OF PHOTON-PAIR GENERATION
We study the statistical properties of photon pairs generated in the dual-pump SFWM scheme using the experimental setup shown in Fig. 1(b) . A Ti:sapphire modelocked laser with 80 MHz repetition rate, 772 nm central wavelength and 8 nm full-width-at-half-maximum (FWHM) bandwidth, pumps an optical parametric oscillator (OPO). The residual pump output from the OPO is used as pump 1. Pulses are generated in the OPO at central wavelengths between 530-660 nm with typical FWHM bandwidths of 1-3 nm, corresponding to pump 2. Pump 1 is time-delayed from pump 2 by an amount τ using an automated translation stage. The two pump paths are combined on a dichroic mirror and are coupled into a 1.6-cm long polarization-maintaining fiber (PMF) (PM630-HP, birefringence 3.5 × 10 −4 ), which serves as the nonlinear medium in which the SFWM process takes place [19] [20] [21] ; the pump polarizations are aligned along the slow axis of the fiber. The signal and idler photons are produced with orthogonal polarization along the fast axis. A polarizer, which allows the signal and idler photons through, rejects most of pumps 1 and 2 and reduces noise from spurious interactions in the fiber. The signal and idler photons are separated by a dichroic mirror and each is coupled into a single-mode fiber connected to avalanche photodiode (APD) single-photon detectors (Excelitas SPCM-AQ4C). The detection signals, which are represented by electronic pulses from the APDs, are collected by a time-to-digital converter (TDC) that timestamps and processes detection events to record the number of single detection events C s , C i and C s ′ at APD s , APD i and APD s ′ , respectively; two-fold coincidences
With 70 mW average power in pump 1 at 772 nm, and pump 2 set at 622 nm with 20 mW power, we record the number of detection events at the signal arm C s , idler arm C i , and coincidence counts C si , as a function of time delay τ between the two pump pulses. The results are presented in Figs. 2(a)-2(c). At a certain delay τ = τ 0 the counts reach peak values, as expected for dualpump SFWM, in which the photon-pair generation rate depends on the overlap between the two pump pulses [18] . For large |τ | (where the two pumps do not overlap and thus no dual-pump SFWM occurs) they asymptotically approach non-zero lowest values that amount to background photons and detection events, mainly due to Raman scattering, but also from single-pump SFWM, ambient light and dark counts. si = C si R/C s C i , where R is the number of dual-pump pulse pairs over which the counts are taken (which is the laser repetition rate times the measurement duration). In order to ensure that the counts are synchronized with the laser pulses, the unconditional C s and C i counts in Figs. 2(a)-2(b) are gated at the laser repetition rate divided down to 8 MHz (due to bandwidth limitations of the TDC), and have been multiplied by 10 to reflect counts at the laser repetition rate; these si second-order coherence cross-correlation calculated from the counts in (a-c).
values are used to calculate the cross-correlation g (2) si in Fig. 2(d) . At the peak, g si → 1, as expected from Poisson statistics of counts that originate from uncorrelated noise, confirming that signal-idler pairs indeed originate from dual-pump SFWM. We also measure the conditional auto-correlation of signal photons upon idler photon detection, g (2)
ss ′ |i = 0.017 ± 0.002, which indicates a low probability of multi-photon emission in one arm upon photon detection in the other arm.
Generally, the counts are given by:
where N s (N i ) and η s (η i ) are the noise counts and the detection efficiency (accounting for both collection and de-tector efficiencies) of the signal (idler) photons generated in the dual-pump SFWM, respectively. In experiment, data is collected at various positions of the delay stage in Fig. 1(b) . When the stage is in its central position, pump 1 is delayed relative to pump 2 by an unknown delay τ c ; the position of the stage is translated to create relative temporal delays τ exp of pump 1. Fitting curves to the data in Figs. 2(a)-2(c) are generated by substituting Eq. (4) into Eqs. (5) with τ = τ exp − τ c , and simultaneously fitting the three curves to the data, with N s , N i , η s , η i , p max , σ, τ p and τ c as common fitting parameters to all curves. The fitting result gives a maximal photon-pair generation probability per dual-pump pulse of p max = (6.0 ± 0.2) × 10 −3 , and collection efficiencies of η s = 13.4 ± 0.5% and η i = 10.7 ± 0.1%. The good agreement between model and experiment supports our approach, but we note that modeling is not required to determine the noise contributions, which can be obtained directly from a single measurement at large |τ | (where p(τ ) → 0), or three measurements of counts collected once when only pump 1 is present (no pump 2), once when only pump 2 is present (no pump 1) and once when both are blocked. Generally, quantifying noise enables one to gain information about source performance [5] ; here, using Eqs. (5), knowledge of the noise enables us to extract the source performance from raw counts.
EFFECT OF PUMP DETUNING ON PHOTON-PAIR STATE AND SINGLE-PHOTON STATE PURITY
Dual-pump SFWM also provides enhanced capabilities in generating photon-pair quantum states with engineered properties [16, 18] . Generally, the spectral quantum state of a photon pair can be expressed as |Φ = dν s dν i f (ν s , ν i ) |ν s , ν i , where f (ν s , ν i ) is the normalized joint spectral amplitude (JSA). The quantum state of the signal (idler) is then given by the density matrix ρ s(i) = Tr i(s) (|Φ Φ|), where Tr i(s) represents the partial trace over the idler (signal) degrees of freedom. The purity of the signal and idler photons P = Tr(ρ 2 s ) = Tr(ρ 2 i ) amounts to the degree to which they are in pure quantum states rather than mixed states, and is a critical figure of merit [22] in quantum protocols that rely on two-photon interference. Many efforts are being put into engineering the properties of photon pairs [23] [24] [25] [26] [27] . In particular, one of the most useful states is the factorable state, where the JSA can be written as independent wavefunctions of the signal (f s (ν s )) and idler (f i (ν i )) photons; that is, f (ν s , ν i ) = f s (ν s )f i (ν i ), leading to pure (P = 1) quantum states of signal and idler photons. Conversely, when the two photons are spectrally entangled (f (ν s , ν i ) is not factorable), P < 1 and the individual photons are in a mixed state. 
Measurements of the joint spectral density
To characterize the JSA properties we measure the joint spectral density (JSD), |f (ν s , ν i )| 2 , using stimulated four-wave mixing, as proposed in [28] and demonstrated in [29, 30] (experimental setup shown in Fig. 3 ). This is performed by adding a tunable Ti:sapphire continuouswave laser that co-propagates with the pumps in the PMF and seeds the idler beam to stimulate the creation of signal-idler pairs. Spectra are collected for each seed wavelength to generate the JSD. In the degenerate (single) pump case the JSA is given by [16] :
where N is a normalization factor. The measured JSD for this case is shown in Fig. 4(a) . It is evident that in addition to the main peak, there are sidelobes; these are due to the wings of the sinc function in f degen (ν s , ν i ), and originate from the sudden onset and ending of the nonlinear interaction when the pump pulse enters and exits the fiber. The fiber length L ≈ 1.6 cm in our experiments is chosen based on the model such that the purity of the photons is the highest it can be in the single-pump configuration, reaching a value of ∼ 83%. While this purity is high considering that no narrow spectral filtering is applied, the sidelobes seen in Fig. 4(a) -which constitute strong correlations between the signal and idler photons -limit the ability to achieve a factorable state [20] .
In the dual-pump SFWM experiments, the time delay between pump 1 and 2 is set to be τ = τ 0 = −τ p /2 such that the two pumps maximally overlap at the center of the fiber and thus photon-pair production probability is highest. In this case Eq. 
If the temporal walk-off between the pumps is large enough such that they completely sweep across each other within the medium, i.e. στ p ≫ 1, the SFWM interaction strength, which is proportional to the overlap between the pumps, varies along the fiber and the JSA becomes [18] :
Under such conditions the JSA is expressed as the product of two Gaussian functions, which is the ideal expression for obtaining a factorable state [31] in general and possesses no sidelobes in particular. It becomes more factorable as the quantity C = σ
gets smaller, and, in principle, can become completely factorable when C = 0. We note that while the condition στ p ≫ 1 can be relatively easily satisfied by using a long medium, the value of C depends strongly on the dispersion characteristics of the medium. In PMF, στ p increases with detuning, while C decreases. Thence, we expect that increasing the detuning between the pumps would result in less correlations in the JSA [18] .
With 20 mW average power each in pumps 1 and 2 and 30 mW average power in the seed beam, we obtain the experimental JSDs for various detunings ∆ = λ 1 − λ 2 (where λ 1(2) is the central wavelength of pump 1 (2)) shown in Fig. 4 . As can be seen, with increased detuning the sidelobes' intensity weakens and the JSD becomes less correlated. Also shown in Fig. 4 (bottom row) 
95% for all measurements. These results support the models and the feasibility of the dual-pump approach to generating heralded single photons in pure wavepackets.
Purity measurements through autocorrelation
While the JSDs provide useful information about the photon-pair inter-correlations, they do not include details about the joint phase, and thus bear limited information about the individual photon purity. Photon-number statistics provide the purity [32] directly via the unconditional auto-correlation function [33] measured with the setup in Fig. 1(b 
, where P meas is the measured quantum-state purity. However, this kind of measurement is highly susceptible to noise contributions, which affect the detection statistics, resulting in an inaccurate deduced purity. Here again we find that the dual-pump scheme provides an advantage for quantifying the properties of the source. We derive upper and lower bounds for the purity of the signal photons P in the presence of noise. We assume two different types of noise: 1) Noise that is generated by the interaction of either pump and creates spurious photons at the signal arm together with an additional bosonthis boson could be another photon (e.g., through singlepump SFWM), or a collective excitation in the medium (such as a phonon). We call this type of noise spuri-ous noise. 2) Noise that occurs at the detector, such as dark counts or ambient light. We refer to this kind of noise as detection noise, with associated purity expressed through the auto-correlation function when both pumps are blocked,
is the detection-noise counts collected at APD s(s ′ ) and D ss ′ is the number of coincidences between APD s & APD s ′ , measured with blocked pumps. Given the raw purity P raw = P meas (τ 0 ) (since we are interested in measuring the purity when maximal photon-pair generation occurs), we can find bounds for the true purity of the signal photon produced through the dual-pump SFWM (see Appendix):
where P noise = P meas (∞) is an effective purity associated with the total noise and is measured through the autocorrelation function at large |τ |; r = (1 − t s )(1 − t s ′ ) and t = √ t s t s ′ are the geometric averages of the ratios of signal-and noise-detections to the total counts, respectively, with t s(s ′ ) = C s(s ′ ) (∞)/C s(s ′ ) (τ 0 ); and u = √ u s u s ′ is the geometric average of the ratio of detection-noise to total noise, where
. If P noise = 0 then P det = 0 necessarily; in such a case, or when t = 0 (no noise), the two bounds merge and the equality holds in Eqs. (8) .
We measure P raw , P noise , r and t for various pump detunings. We find that P noise ∼ 0 for all measurements; we thus assume that it is zero and Eqs. (8) turn into the equality P = P raw /r 2 . The results of these measurements are summarized in Tab. I, together with a comparison to the theory [18] . The good agreement between P and the model, and the trend of improving purity with detuning, is yet another confirmation for the dual-pump approach as a superior technique to generate signal and idler pairs with each photon in a pure quantum state. The fact that we cannot use the above procedure to find r, t and P for the measurements at ∆ = 0 (single pump centered at 715 nm) emphasizes the advantage of the dual-pump scheme, where one can deduce the quantum state purity of the photons that are truly produced in pairs.
CONCLUSION
In conclusion, we experimentally investigate the generation of photon pairs through SFWM using two spectrally distinct laser pulses. We devise a new technique that utilizes the dual-pump nature for characterizing the performance of the photon-pair source in terms of generation probability, photon-collection efficiency, noise levels and quantum state purity of the individual photons.
As examples of potential applications of these capabilities, one can differentiate between degradation of the source medium, changes in the efficiency of collection and variations in ambient light; by scanning time delay, one can also characterize changes in pulse duration and modify the location of maximal pump overlap in the medium to avoid localized defects. Such tools may be especially useful in quantum applications where characterization of source performance and troubleshooting needs to take place periodically and remotely, especially in cases where the source needs to be placed in hardto-access locations such as space, or in a network with a vast number of sources. In addition, we show that large spectral detuning between the two pump pulses results in the generation of a highly factorable photon-pair state, with single-photon purities up to 97.4±1.7% as determined using dual-pump-enabled noise measurements, far exceeding those attainable with a single pump in the same generation medium.
To perform this first demonstration we choose PMF as the nonlinear medium due to its maturity as an SFWM photon-pair source [19-21, 30, 34, 35] , the straightforwardness of the experimental setup and the simplicity of the model, which has a long track record of matching well with experimental results. It is expected, though, that more sophisticated media will be able to better exploit the dual-pump SFWM and overcome some of the issues found in PMF; for example, it has been proposed that with an adequately engineered birefringent medium, the two pumps could differ in polarization [36] rather than wavelength, thus avoiding the need for laser beams at two wavelengths. Also, the use of crystalline media where the Raman gain exhibit narrowband peaks (as opposed to silica) would enable the elimination of Raman background in the photon-pair spectrum and thus reduce noise levels significantly.
APPENDIX: DETERMINATION OF THE EFFECTIVE PURITY IN THE PRESENCE OF NOISE
In this Appendix we derive the inequalities in Eq. (8) that establish upper and lower bounds for the true quantum state purity of the signal and idler photons from measurements of the unconditional auto-correlation function g ss ′ on the signal arm in the presence of noise.
Spurious noise
We first consider the effect of noise that is generated by the interaction of either pump and creates spurious photons at the signal arm together with an additional boson -this boson could be another photon (e.g., through single-pump SFWM), or a collective excitation in the TABLE I. Measured raw purity Praw, measured noise purity Pnoise, ratio r (in our experiments t ∼ = 1 − r) of SFWM signal photon counts to total (SFWM + noise) counts, corrected SFWM signal photon purity P , and theoretical quantum state purity P theory for various spectral detunings ∆ between pumps 1 and 2. The statistical errors in the r values are < 10 −3 .
∆ (nm)
Praw ( medium (such as a phonon). We assume that before either of the pump pulses enters the fiber medium, the signal, idler, and any relevant collective excitation in the matter are in the vacuum state |vac . The final state after the two pump pulses leave the fiber is given by [32] 
where β and γ are the amplitudes of the dual-pump SFWM and noise generation, respectively,b † (Ω) is the creation operator of a boson with properties tagged by Ω and g(ν s , Ω) is the joint amplitude of the noise photon at the signal mode and the boson that is created in the interaction. We assume that all interactions are weak, i.e., |β| 2 ,|γ| 2 ≪ 1. The first order in γ, β is the lowest-order non-vacuum state, given by
where
are the states associated with the creation of a signal-idler pair through the dual-pump SFWM interaction (|ψ si ) and a signal-boson pair created by spurious processes (|ψ sb ). The signal density matrices associated with these states are ρ s = Tr i (|ψ si ψ si |) for the photon-pair state and ρ spu = Tr b (|ψ sb ψ sb |) for the spurious photons. The auto-correlation second-order coherence can be evaluated to yield [32, 33] g (2)
wherẽ P raw = w 2 P + (1 − w) 2 P spu + 2w(1 − w) Tr (ρ s ρ spu ) (13) is the raw measured purity, P = Trρ are the state purities of the signal and spurious photons, respectively, and w = |β| 2 /(|β| 2 + |γ| 2 ) is the ratio of the number of signal photons generated through dualpump SFWM to the total number of photons. Since 0 ≤ Tr(ρ s ρ spu ) ≤ P P spu [37] , we can derive upper and lower bounds for the measured purity:
When P spu = 0 or w = 0, 1, the two bounds merge and the equality holds.
Detection noise
Dark counts and ambient light that reaches the detectors constitute false detections that add background counts to the counts associated with photons that are created in the fiber. To model the effect of this type of noise we refer to the experimental setup in Fig. 1(b) , where APD s and APD s ′ are used for signal auto-correlation measurements. Let us designate p s , p s ′ and p ss ′ as the probabilities of detection events at APD s , APD s ′ and coincidences between the two, respectively, after an interaction with a single pair of dual pumps, in the absence of detection noise. Similarly, we designate q s , q s ′ and q ss ′ as the probabilities of detecting noise events (which can be measured when both pumps are blocked) at APD s , APD s ′ or related coincidences between the two, respectively. All probabilities are assumed to be much smaller than 1, allowing perturbative calculations. By definition,g ss ′ = p ss ′ /p s p s ′ = 1 +P raw . Similarly, we define P det = q ss ′ /q s q s ′ − 1. It follows then that the experimental auto-correlation, which includes photon-pair generation, spurious noise, and detection noise, is given by:
ss ′ = p ss ′ + q ss ′ + p s q s ′ + p s ′ q s (p s + q s ) (p s ′ + q s ′ )
where v s(s ′ ) = q s(s ′ ) /(p s(s ′ ) + q s(s ′ ) ) is the ratio of detection noise counts to total counts on APD s(s ′ ) . Defining P raw = g
ss ′ − 1 as the raw purity measured in experiment that includes noise contributions, and using Eqs. (14) When the two pump pulses are far delayed from each other, no dual-pump SFWM takes place, w = 0 and the equality holds for P raw ; we call the value of P raw in this case the "purity" of the total noise, designated as P noise = (1 − u s )(1 − u s ′ )P spu + u 2 P det , where u s(s ′ ) = v s(s ′ ) /((1 − w)(1−v s(s ′ ) )+v s(s ′ ) ) is the ratio of detection noise counts to the total noise counts on APD s(s ′ ) , and u = √ u s u s ′ . We further define r s(s ′ ) = w(1 − v s(s ′ ) ) as the fraction of dual-pump SFWM signal photon counts on APD s(s ′ ) to the total counts on APD s(s ′ ) , and t s(s ′ ) = 1 − r s(s ′ ) as the fraction of noise counts to the total counts on APD s(s ′ ) . The above inequalities then become: P raw ≥ r 2 P + t 2 (1 − u s ) (1 − u s ′ ) P spu + t 2 u 2 P det , P raw ≤ r 2 P + t 2 (1 − u s ) (1 − u s ′ ) P spu + t 2 u 2 P det
where we have defined r = √ r s r s ′ and t = √ t s t s ′ . In terms of P noise the inequality can be rewritten as: P raw ≥ r 2 P + t 2 P noise , P raw ≤ r 2 P + t 2 P noise + 2rt P (P noise − u 2 P det ), (18) and therefore, yields the upper and lower bound of the true signal photon purity as (Eq. (8))
P ≤ P raw − t 2 P noise r 2 , P ≥ P raw − t 2 P noise r 2 − 2t r 2 P raw (P noise − u 2 P det ). 
